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Decision making

® The field of statistical inference consists of those
methods used to make decisions or draw conclusions
about a population.

— Parameter estimation

— Hypothesis testing
Population Sample Histogram

it, population average ¥, sample average
@, population standard s, sample standard

deviation (x1. x ) deviation

Xy Xavens Xy \
! X ¥ X
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Estimation of yand o

® |s X an unbiased estimator of population average u?

® Is s2 the unbiased estimation of g2 (population variance)?
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numerical value 6 of a statistic ©.

Point estimation

Unknown Point
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® A point estimate of some population parameter O is a single
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Hypothesis testing

® Statistical hypothesis

— A statement about the parameters of one or more
populations

® Hypothesis testing

— To accept or reject a statement (hypothesis) about
some parameters

35



Example

® Assume monkey temperature is a random variable that
can be described by a probability distribution.

® Suppose that our interest focuses on the mean body
temperature.

® Specifically, we are interested in deciding whether or not
the mean body temperature is 35 C.

—H_: 1 =35 C(null hypothesis)
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Statistical hypothesis

Null hypothesis

—Hyu=35C

Two-sided alternative hypothesis
—H;u#35C

One-sided Alternative Hypotheses
—H,:u>35Coru<35C

Hypotheses are always statements about the population,
not the sample.
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Test of a hypothesis

® Hypothesis-testing procedures rely on using the
information in a random sample from the population of
Interest.

® If this information is consistent with the hypothesis, then
we will conclude that the hypothesis is true; else, it is
false.

38



Decision criteria

Critical region

Fail to reject H,

Reject H, : (u=35C) : Reject H,
(#35C) : (u#350C)
: : .
£°C 'C 6.c°C Body
33-5 35 39:5 Temperature

Critical value

A critical region has to be defined to reject null hypothesis.
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Significance test

Decision Hy 1s True Hy 1s False
Fail to reject H No error Type 1l error
Reject F, Tvpe | error No error

Reject H, Reject H,
(u#350C) Fail to reject H, (u#350C)
(u=35C)
= v >
(@] (0] (@] B d
33.5C 35°C 36.5°C ocy

Temperature
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Confusion matrix

Actual condition

True Positive (TP) False Positive (FP)
False Negative (FN) | True Negative (TN)

Prediction

Sensitivity (recall, true positive rate) = =l il
I TP+FN Harmonic mean =
. . e TP } Fi1 score
Precision (positive predictive rate) = TPiFP

TN

Specificity (selectivity, true negative rate) = FPITN
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Types of error

® Type-l error (a)
— Significance level, a-error

—a = P(rejecting H,when H,is true)

Reject H,
(#35C)

Reject H,
(#35C)

Fail toreject H,
(H=35C)

>
Body

Temperature
42
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Type-l error

Two-sided One-sided

N(O,1)

Critical region - Critical region Critical region -

al?. ail? o .

—Zup? 0 L2 £p 0 g £p — &y 0 Zn

® P-value: The smallest level of significance that would lead
to rejection of H,
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Type-l error

® Example: The body temperature is measured on 16
healthy monkeys and the critical region is set between
33.5~36.5 C. What is the probability of type-l error when
the true mean temperature is 35 Cand 0=3'C?
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Types of error

® Type-ll error (B)
— B = P(fail to reject H,when H_ is false)

—The power of a statistic test: 1- 8
Fail to reject H,

(u=35C)

>
BOdy 45
Temperature
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Types of error

® Bincreases rapidly as sample mean approaches the
hypothesized value

Fail to reject H,
(M=35C)

>
BOdy 46
Temperature
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How to reduce error?

® To reduce type-l error?

— Push the critical values further toward the tails

— Increase the sample size

® Toreduce type-ll error?

— Push the critical region away from the sample mean

—Increase the sample size

® Type | and type Il errors are related. A decrease in a
always results in an increase in B (given constant n)
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General procedure for hypothesis testing

1. ldentify the parameter of interest

¥

State the null hypothesis H,
Specify an appropriate alternative hypothesis H,
Choose a significance level o

State the corresponding rejection region

o U o~ W

Decide whether or not H_should be rejected
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® Example of propellant burning rate:
— Sample size = 25, mean = 51.3 cm/sec
— Population g = 2 cm/sec, specification = 5o cm/sec

— Type-I error probability (&) = 0.05

® Solution procedure (reject or not?)
— Parameter of interest = the mean burning rate u
— i
—H,:
— Test statistics
— Reject criterion

— Conclusion?
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In the previous example, we reject H, at 0.05 significance
level.

Still no information about how far off the sample mean is.

What is the smallest a (significance level) to result in a
rejection of H_?

P-value

—The smallest level of significance that would lead to
rejection of H,
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Confidence interval

® If Xis the sample mean of a random sample of size n from
a population with known variance 0%, a 100x(2- o) %
confidence interval on u is given by

Za/20 Za/26

Vn Vn

where z,, is the upper 100 X o/2 percentage point of the
standard normal distribution.

X - <u<X+



What if variance is unknown?

® When the population mean u and variance o2 is known
- z-test

® When the population variance g2 is unknown, and n > 30
- z-test

® When the population mean u and variance g2 is unknown,
and n < 30,

- t-test (assuming a normal distribution)

= X - degree of freedom: k=n-1

S/f



PDF of t distributions

— k=1

—k=2

——k=5
k=10
k=infini

(z-distribution)




T-test (one sample)

® H,(u=u,)is rejected only when

to>tysna OF t,<-ty,,,(two-sided hypothesis)
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T-distribution

-

2.576

v: degrees of freedom
o
v 40 25 .10 .05 025 .01 005 0025 .001 0005
1 325 1.000 3.078 6.314 12.706 31.821 63.657 127.32 318.31 636.62
2 289 816 1.886 2920 4.303 6.965 9.925 14.089 23.326 31.598
3 277 765 1.638 2.353 3.182 4.541 5.841 7.453 10.213 12.924
4 271 741 1.533 2.152 2.776 3.747 4.604 5.598 T173 8.610
3 267 A27 1.476 2.015 2:571 3.365 4.032 4.773 5.893 6.869
6 265 718 1.440 1.943 2.447 3.143 3.707 4317 5.208 5.959
q 263 711 1.415 1.895 2.365 2.998 3.499 4.029 4.785 5.408
8 .262 706 1.397 1.860 2.306 2.896 3.355 3.833 4.501 5.041
9 261 703 1.383 1.833 2.262 2.821 3.250 3.690 4.297 4.781
10 .260 700 1.372 1.812 2228 2.764 3.169 3.581 4.144 4.587
11 .260 .697 1.363 1.796 2.201 2.718 3.106 3.497 4.025 4.437
12 259 .695 1.356 1.782 2.179 2.681 3.055 3.428 3.930 4318
13 259 .694 1.350 1.771 2.160 2.650 3.012 3.372 3.852 4.221
14 258 692 1.345 1.761 2.145 2.624 2.977 3.326 3.787 4.140
15 258 .691 1.341 1.753 2.131 2.602 2.947 3.286 3:733 4.073
16 258 .690 1.337 1.746 2.120 2.583 2921 3252 3.686 4.015
17 257 .689 1:333 1.740 2.110 2.567 2.898 3222 3.646 3.965
18 257 .688 1.330 1.734 2.101 2.552 2.878 3.197 3.610 3.922
19 257 .688 1.328 1.729 2.093 2.539 2.861 3.174 3.579 3.883
20 257 .687 1325 1.725 2.086 2.528 2.845 3.133 3:552 3.850
21 257 .686 1323 1721 2.080 2.518 2.831 3,135 3.527 3.819
22 256 .686 1.321 1.717 2.074 2.508 2.819 3.119 3.505 3.792
23 256 .685 1319 1.714 2.069 2.500 2.807 3.104 3.485 3.767
24 256 .685 1.318 1.711 2.064 2.492 2997 3.091 3.467 3.745
25 256 .684 1.316 1.708 2.060 2.485 2.787 3.078 3.450 3.725
26 256 .684 1.315 1.706 2.056 2.479 2.779 3.067 3.435 3.707
27 256 .684 1.314 1.703 2.052 2473 2971 3.057 3.421 3.690
28 256 .683 1313 1.701 2.048 2.467 2.763 3.047 3.408 3.674
29 256 .683 1.311 1.699 2.045 2.462 2.756 3.038 3.396 3.659
30 256 683 1.310 1.697 2.042 2.457 2.750 3.030 3.385 3.646
40 255 .681 1.303 1.684 2.021 2423 2.704 2.971 3.307 33551
60 254 .679 1.296 1.671 2.000 2.390 2.660 2915 3.232 3.460
120 254 677 1.289 1.658 1.980 2358 2.617 2.860 3.160 3.373
e 253 .674 1.282 1.645 1.960 2.326 2.807 3.090 3.291
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® Example of golf club performance:
— coefficient of restitution = outgoing speed / incoming speed
— 15 balls are measured, mean = 0.8375, s = 0.02456

— Does the mean exceed 0.827

® Solution procedure 95
— Check normality of sample - #
— One-sided test: H ,and H_?

Normal probability
(%3]
(]

— O = 0.05

— Test statistics 5

— Reject criterion l
. 0.78 0.83 0.8%8
_ ConC|U5|On? Coefficent of restitution
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P-value of a t-test

Critical value

1.761

2.145

2.624

2.977

tail area

0.05

0.025

0.01

0.005

ty = 2.72

2977

P(T), > 2.624) = 0.01
P(T,, > 2.977) = 0.005
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Confidence interval

® If Xand S is the sample mean and standard deviation of a
random sample of size n from a population with unknown
variance g2 a 100x(1- a) % confidence interval on u is

given by Y- LoinntS < < T4 LoinntS

Vn \n

where t,, , . is the upper 100 x /2 percentage point of
the t distribution with n-1 DoF.
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Hypothesis testing on the variance of a
normal population

® LetX, X...., X, be arandom sample from normal

1, 2---,

distribution with unknown mean u and unknown variance
o2. The quantity - (n—1)S>
X" = 2

has a chi-square distribution with n-1 degrees of freedom.
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Chi-square distribution

1
J R =)

I'(m)= J-OOO x" e dx

x(k/2)—le—x/2,x >0

flx)

‘ . Zo.t
0 5 10 15 20 25  «x Hypothesis testing on the variance
Figure 4-19  Probability density functions P(X2 >X20{,k) 0

of several x* distributions.
RN



Testing Hypotheses on the Variance of a Normal Distribution

Null hypothesis: Hyo' = a3
3 e y (” e 1}52
Test statistic: e
o
Alternative Hyvpotheses Rejection Criterion
o . 2 2 2 2
Hy: 0" # aj X = Xarza—19F Xii = X1—afa-—1
> 7 2 g |
H,:U;}U{:] X{E}X%n—l
HI:UH{Uﬁ Xﬁ{XT-a.rJ-I

The locations of the critical region are shown in Fig. 4-21.

) fx)

0 I{-n.l?.r -1 }:i.fﬂ.»-l s 0 xﬂ.»-l s 0 lq-u.n-l

() ] ()
Figure 4-21  Distribution of the test statistic for H,: @ = o with critical region values for (a) H: o # 4. (b) Hy o = 0.
and (¢) Hy o < oy,
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® Example: automatic filling machine fills bottles with
detergent

— 20 samples are measured, s2 = 0.0153

— Variance > 0.01 will cause unacceptable proportion of
under- and over-filled bottles € From t-test

— Do the data suggest a problem in filling (o = 0.05)?

® Solution procedure
—H,and H,?

— (= 0.05

— Test statistics

— Reject criterion

— Conclusion?
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Chi-square
distribution
table

v: degrees of freedom

Table II1  Percentage Points x2,, of the Chi-Square Distribution

Xéo:,v
o
v .995 .990 975 950 .900 .500 .100 050 025 010 .005
i 00+ .00+ .00+ .00+ .02 45 271 3.84 5.02 6.63 7.88
2 .01 .02 05 10 21 1.39 4.61 5.99 7.38 9.21 10.60
3 .07 a1l 122 i3 58 2.37 6.25 7.81 9.35 11.34 12.84
4 21 30 A48 71 1.06 3.36 7.78 9.49 11.14 13.28 14.86
5 41 .55 83 L.15 1.61 4.35 9.24 11.07 12.83 15.09 16.75
6 .68 .87 1.24 1.64 2.20 5:38 10.65 12.59 14.45 16.81 18.55
7 .99 1.24 1.69 2.17 2.83 6.35 12.02 14.07 16.01 18.48 20.28
8 1.34 1.65 2.18 2.73 3.49 7.34 13.36 15.51 17193 20.09 21.96
9 1.73 2.09 2.70 3:33 4.17 8.34 14.68 16.92 19.02 21.67 23.59
10 2.16 2.56 3:25 3.94 4.87 9.34 15.99 18.31 20.48 23121 25.19
11 2.60 3.05 3.82 457 5.58 10.34 17.28 19.68 21.92 24.72 26.76
12 3.07 3.57 4.40 523 6.30 11.34 18.55 21.03 23.34 26.22 28.30
13 3.57 4.11 5.01 5.89 7.04  12.34 19.81 22.36 24.74 27.69 29.82
14 4.07 4.66 5.63 6.57 7.79 13.34 21.06 23.68 26.12 29.14 31.32
15 4.60 523 6.27 726 8.55 14.34 2231 25.00 27.49 30.58 32.80
16 5.14 5.81 6.91 7.96 9.31 15.34 23.54 26.30 28.85 32.00 3427
17 5.70 6.41 7.56 8.67 10.09  16.34 24.77 27.59 30.19 33.41 3572
18 6.26 7.01 8.23 9.39 10.87 17.34 2599 28.87 31:53 3481 37.16
19 6.84 7.63 8.91 10.12 11.65 18.34 27.20 30.14 32.85 36.19 38.58
20 7.43 8.26 9.59 10.85 1244 19.34 28.41 3141 34.17 3757 40.00
21 8.03 8.90 10.28 11.59 13.24 2034 29.62 32.67 35.48 38.93 41.40
22 8.64 9.54 10.98 12.34 14.04 2134 30.81 33.92 36.78 40.29 42.80
23 9.26 10.20 11.69 13.09 14.85 2234 32.01 35417 38.08 41.64 44.18
24 9.89 10.86 12.40 13.85 15.66  23.34 33.20 36.42 39.36 4298 45.56
25 10.52 11.52 1342 14.61 1647 2434 34.28 37.65 40.65 4431 46.93
26 | 11.16 12.20 13.84 15.38 17.29 2534 35.56 38.89 41.92 45.64 48.29
27 11.81 12.88 - 14.57 16.15 18.11 2634 36.74 40.11 43.19 46.96 49.65
28 12.46 1357 15.31 16.93 18.94 27.34 37.92 41.34 44.46 48.28 50.99
29 13:12 14.26 16.05 17.71 19.77 2834 39.09 42.56 45.72 49.59 52.34
30| 13.79 14.95 16.79 18.49 20.60 2934 40.26 43.77 46.98 50.89 53.67
40 | 20.71 22.16 24.43 26.51 29.05 3934 51.81 55.76 59.34 63.69 66.77
50| 27.99 29.71 32.36 34.76 37.69  49.33 63.17 67.50 71.42 76.15 79.49
60 | 35.53 37.48 40.48 43.19 46.46  59.33 74.40 79.08 83.30 88.38 91.95
70 | 43.28 45.44 48.76 51.74 5533 6933 85.53 90.53 95.02 100.42 104.22
80 | 51.17 53.54 57.15 60.39 64.28  79.33 96.58 101.88 106.63 112.33 116.32
90 | 59.20 61.75 65.65 69.13 7329  89.33 107.57 113.14  118.14  124.12 128.30
100 | 67.33 70.06 74.22 7793 8236  99.33 118.50 12434 12956 13581 140.17

v = degrees of freedom.
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Decision making for
two samples



Two-sample tests

® Purpose: to extend the hypothesis testing for the
population parameter to the case of two independent
populations

Fopulation 1 Fopulation £
2 2
o o2
fa [
Sample 1: Sample 2:

£]11s #12s-+» ¥1n, X211 X221 ++1 %21,
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Inference on the means of two populations

® When the 2 populations’ variances 0,2 and 0,2 are known
> z-test

® When the 2 populations’ variances 0,2 and 0,2 are unknown,
and n>30 = z-test

® When the 2 populations’ variances 0,2 and 0,2 are unknown,
and n <30 =2 t-test (assuming a normal distribution)
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Case 1: Hypothesis testing on the difference of
means, variance known

® Assumptions:
— The two populations, X, and X,, are independent.

— Both are normal.
E()?l _)?2) :E()?l)_E()?z) = H _luzz

Var(X, - X,) = Var(X,)+Var(X,) = 21+ 22

n n

® Treat X, - X, as a parameter, 1 :
o (”1 Standard normal

\/ distribution
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Two-sample z-test

Testing Hyvpotheses on the Diffe

rence in Means, Variances Known

Null hypothesis: Hy:pwy — mp = 4Ap
. X, —X, - A

Test statistic: Ly = = =
loi | o

\ T "

Alternative Hypotheses
Hy:py =y # 4
Hyiipwy — pa >4
Hyipy =y <4

()

Rejection Criterion

Zg > Z4p OF Zg < —Z4p
Zp > Z,

g~ 2,




® Example:

— A product developer is working to shorten a primer
paint’s drying time

—formulation 1 = standard chemistry; formulation 2 =
new chemistry

— o of drying time = 8 min, independent of formulation
— 10 specimens of each formulation are randomly tested
—a =0.05

® Solution procedure

—One-sided test: H,and H_ ?

— Test statistics

—Reject criterion

— Significance level? 6



Case 2: Hypothesis testing on the difference of
means, variance unknown and equal

® Assumptions:
—The two populations, X, and X,, are independent.
— Both are normal.

—0,=0,=0.The pooled estimator of g2 is defined by
n —1)S’ +(n, —1)S;

n +n,—2

2 _(
S, =

® Treat X, - X, as a parameter,
1 2 p

i )?1_)?2_(,“1_,%)

Sp l + i
n.n, =

t distribution

! (DoF=n_+n,-2)




Case 3: Hypothesis testing on the difference of
means, variance unknown and not equal

® Assumptions:
— The two populations, X, and X,, are independent.
— Both are normal.
—0,#0,

® No exact t-statistic available. Use the following
approximation: JR—
X, -X,-A t distribution
! = e s,
S12 S22 (n+n)
+ . = 1 2
n,Gn, (DOF' ' (S} /n)’ +(S22/n2)2)

n, —1 n, —1




Case 4: Hypothesis testing on the difference of
means, pair t-test

® Assumptions:

—The observations, X, and X,, on the two populations
are collected in pair.

#y=E(X,-X,)=E(X)-E(X,) =1, - 1,
Sp: standard deviation of difference

The Paired z-Test

Null hypothesis: Hy: wp = Ay

- D — A,
Test statistic: h= ————
Sp/Vn
Alternative Hypothesis Rejection Region
Hy: pp # Ay fo = ta2a—1 9Tty < —lapn-1
Hl: p*D}AO rl}>'fa‘n—l 72
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What if we have more than two samples?

® We have learned about testing differences between 2
levels of a factor of interest

® However, there are usually more than 2 levels for a
factor

— Ex: effect of different medications

® How to distinguish?
— Analysis of variance (ANOVA)
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